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Abstract
Let X be a simply connected -nite CW-complex such that dim ∗(X ) ⊗ Q=∞. We prove
that if X is coformal (this is an hypothesis coming from the rational homotopy theory) then
the sequence of rational Betti numbers of its free loop space, (dimHn(X S
1
;Q))n≥1, has an
exponential growth. Since the Betti numbers of the free loop space on a simply connected
closed Riemannian manifold bound below the number of closed geodesics, we deduce from
the inequality above that on hyperbolic coformal manifolds, the number of closed geodesics of
length ≤ t grows exponentially with t. Our methods permit also to prove a dichotomy theorem
for the growth of Hochschild homology of graded Lie algebras of -nite-dimensional cohomology.
c© 2001 Elsevier Science B.V. All rights reserved.
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1. Introduction
For a simply connected topological space X , one denotes by LX or X S
1
its free
loop space, i.e. the space of continuous maps from the circle S1 to X endowed with
the compact-open topology. In the present paper we prove that if dim ∗(X )⊗Q=∞
and if X is coformal (this is a condition coming from the rational homotopy theory,
see Section 2 for the de-nition) then the numbers maxn≤k dimHn(LX ;Q) grow ex-
ponentially with k. Before to describe more precisely our result we -rst give some
motivations in terms of closed geodesics.
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When X is a closed Riemannian manifold, the Betti numbers of LX give a lower
bound for the number of closed geodesics on X . More precisely, if g is a Riemannian
metric on X , denote by Ng(t) the number of geometrically distinct closed geodesics
on X of length lesser than t. A Riemannian metric g on X is called bumpy [1] if
the closed geodesics on X are non degenerate; this technical property on the metric is
generic. We have the following minoration of Ng(t), -rst established by Gromov and
then improved by Ballmann and Ziller:
Theorem (Gromov [8], Ballman and Ziller [4]). Suppose that g is a bumpy Rieman-
nian metric on a simply connected closed manifold X . Then there exist 
¿ 0 and
¿ 0 such that
Ng(t) ≥ 
 max
n≤t
rank(Hn(LX ;R))
for any principal ideal domain R and for t su6ciently large.
Gromov conjectures in [8] that for “almost all” closed manifolds X the numbers
maxn≤t rankHn(LX ;R) grow exponentially with t. ViguHe-Poirrier has investigated this
conjecture in [19] with the tools of rational homotopy theory. To explain her results
we recall the notions of exponential and polynomial growth. A sequence (bn)n≥0 of
nonnegative numbers is said to have an exponential growth if there exist ¿ 1 and
C¿ 0 such that maxn≤k bn ≥ C:k for k large enough (and the supremum of such ’s
is called the rate of the exponential growth); the sequence (bn)n≥0 has a polynomial
growth if there exist N ≥ 0 and C¿ 0 such that bn ≤ C:nN for each n ≥ 1.
In [19], ViguHe-Poirrier proved that if dim ∗(X ) ⊗ Q¡∞ then the sequence
(dimHn(LX ;Q))n≥0 has a polynomial growth and she conjectures that if dim ∗(X )⊗
Q=∞ and if X is a -nite simply connected CW-complex then the sequence
(dimHn(LX ;Q))n≥0 has an exponential growth. She proved this conjecture for wedges
of spheres and for manifolds of Lusternik–Schnirelmann category less than 2.
In the present paper we consider this conjecture on the class of coformal spaces [15].
Roughly speaking, a space is coformal if its rational homotopy type is determined in a
formal way by its rational homotopy Lie algebra (see Section 2 for a precise de-nition).
We will prove:
Corollary 9. Let X be a simply connected 8nite CW-complex. Suppose that X is
coformal. Then the rational Betti numbers of LX have an exponential growth if X
is hyperbolic.
Notice that we also prove in [13] the conjecture of ViguHe for connected sums of
manifolds and some formal spaces, with a generalisation to -elds of characteristic
p = 0.
Our methods permit also to prove a dichotomy theorem for the Hochschild homol-
ogy of graded Lie algebras. Let L be a graded Lie algebra concentrated in positive
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degree over a -eld k of characteristic 0. Suppose that H∗(L; k) is -nite-dimensional. A
consequence of the dichotomy theorem of [5] is that either dim L¡∞ or the sequence
(dim Ln)n≥1 has an exponential growth. The enveloping algebra UL is a graded algebra
and we can consider its Hochschild homology HH∗(UL). We have:
Theorem 11. With the hypothesis above; we have the dichotomy
(i) either dim L¡∞ and (dimHHn(UL))n≥1 has a polynomial growth;
(ii) or dim L=∞ and (dimHHn(UL))n≥1 has an exponential growth.
This paper is organised as follows. In the next section we review notations and
results from rational homotopy theory and also on PoincarHe series of loop spaces. In
Section 3, we prove our main theorem on the exponential growth of the Betti numbers
of free loop space for a very large class of coformal spaces. The last section is devoted
to the applications stated in this introduction.
2. Rational homotopy theory and Poincare series
In this section we review some results and notations in rational homotopy theory.
We review also notions on PoincarHe series of a loop space X , and in particular the
“analytic hypothesis” (AH).
Henceforth by a space we mean a topological space X having the homotopy type of
a CW-complex and with -nite rational Betti numbers: dimHk(X ;Q)¡∞ for k ≥ 0.
We review the theory of Sullivan models ([17,9,18] are standard references, a good
summary is given in [5], and a comprehensive study will appear in [6]). The de
Rham–Sullivan functor of PL-forms associates to each space X a commutative graded
diLerential algebra over Q (a CGDA in short) denoted by APL(X ). If Z is a graded
vector space over Q we denote by ∧Z the free graded commutative algebra generated
by Z . A quasi-isomorphism is a CGDA-morphism that induces an isomorphism in
homology. A Sullivan model of a space X is a quasi-isomorphism
(∧Z; d) → APL(X ):
Such a Sullivan model is called minimal if d(Z)⊂∧≥2Z . Each nilpotent space (like a
simply connected space, or the free loop space on a simply connected space) admits a
minimal Sullivan model. Let (∧Z; d) be a minimal model of a nilpotent space X ; then
H (∧Z; d) ∼= H∗(X ;Q) and, if X is simply connected, Z ∼= hom(∗(X );Q). Moreover,
if we denote by NZ the graded vector space such that NZ
n ∼= Zn+1 for all n, then (∧ NZ; 0)
is a Sullivan model of X when X is simply connected.
A simply connected space X is called coformal [15] if it admits a Sullivan model
of the form (∧Z; d) with a quadratic diLerential: d(Z)⊂∧2Z . This is equivalent to say
that the Quillen model of X [16] is weakly equivalent to (∗(X ) ⊗ Q; 0), or that
the Adams–Hilton model (TV; @) → C∗(X;Q) is quasi-isomorphic to (H∗(X ;Q); 0).
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Examples of coformal spaces are: spheres; connected sums of products of two spheres:
Sk1 × Sn−k1# · · · #Skr × Sn−kr ; wedges and products of coformal spaces.
The LS-category of a space X , denoted by cat X , is the smallest integer m (or ∞)
such that there exists a covering of X by m+ 1 open subsets, each contractible in X .
Each -nite CW-complex has -nite LS-category. For a simply connected space X of
-nite LS-category we say that X is elliptic if dim ∗(X )⊗Q¡∞, and otherwise that
X is hyperbolic. In the latter case the sequence (dimHn(X ;Q))n≥0 has an exponential
growth: this is the dichotomy theorem proved in [5].
The proofs of our theorems are heavily based on properties of PoincarHe series of a
loop space. The PoincarHe series of X is
X (z):=
∞∑
n=0
dimHn(X ;Q)zn
and its radius of convergence is denoted by !X . When X is a simply connected space
of -nite LS-category, then !X ¡ 1 if X is hyperbolic, and otherwise !X =1 (unless
H˜
∗
(X ;Q)= 0 in which case !X =+∞) (for a proof see [7]). When X is hyperbolic
the rate of the exponential growth of the Betti numbers of X is 1=!X .
In [11] we have de-ned the following analytic hypothesis (AH) which will be an
important ingredient in our proof (more developments on this notion can be found in
[12]):
We say that the (AH) condition holds for the space X if
(i) 0¡!X ¡ 1 and
(ii) there exist r ¿!X and a polynomial Q ∈ C[z] such that Q(z):X (z) is the Tay-
lor series at the origin of a function holomorphic and with no zero on the disk
Dr = {z ∈ C: |z|¡r}.
Here are some comments on this unusual condition (AH). If X is a -nite CW-complex,
condition (i) is equivalent to X being hyperbolic [7]. Therefore each -nite CW-complex
satisfying (AH) is hyperbolic but I do not know whether the converse is true (see [12]).
By [3], if cat(X )¡∞ then X (z) has no zero in the interior of its disk of convergence
D!X ; therefore part (ii) of the (AH) condition holds if and only if X (z) has no zero
on its circle of convergence and the only singularities on this circle are poles.
It is immediate that if X (z) is a rational series (i.e. the Taylor series of a quotient
of two polynomials) then the (AH) condition holds for X if and only if X is hyperbolic
and X (z) has no zero on its circle of convergence. For example, if X is a coformal
-nite CW-complex then X (z)= 1=Q(z) for some polynomial Q(z) (see the proof of
Corollary 9 below), and therefore the (AH) condition holds for hyperbolic coformal
-nite CW-complexes.
Notice that the (AH) condition is much more general than the rationality of the
series X . Indeed, in [12] it is proved that if X is a hyperbolic -nite CW-complex
of LS-category 2 then (AH) holds for X , although Anick has constructed examples of
such 2-cones X with an irrational PoincarHe series X (z) [2].
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3. The main theorem
This section is devoted to the proof of
Theorem 1. Let X be a simply connected space. If X is coformal and if the (AH)
condition holds for X; then there exist A¿ 0; N ∈ Z such that for each k ≥ 1
max
0≤n≤k
dimHn(LX ;Q) ≥ A (
√
1=!X )k
kN+1
:
If moreover X is of 8nite LS-category; then there exists n0 ≥ 0 such that for each
k ≥ 1
max
k−n0≤n≤k
dimHn(LX ;Q) ≥ A (1=!X )
k
kN+1
:
Note that we do not suppose in this theorem that X is a -nite CW-complex, even if
this is the case for the geometric applications that we have in mind (because then X
is a compact manifold). Indeed in another paper we will use Theorem 1 with X being
an in-nite wedge of spheres to prove the exponential growth of the Betti numbers of
non-coformal -nite CW-complexes that admit a “strong inert element” (see [12] for a
de-nition).
Proof of Theorem 1. Here is the idea of the proof. Using Sullivan models we get a dif-
ferential graded commutative algebra A=(∧Z⊗∧ NZ; D) such that H∗(A)=H∗(LX ;Q).
We de-ne some -nite cochain subcomplexes Cn⊂A such that dimH≤2n(A) ≥
dimH (Cn) ≥ |$(Cn)|, where $ is the Euler–PoincarHe characteristics. It suUces then to
prove that the sequence (|$(Cn)|)n≥1 has an exponential growth. We consider the series
%(z):=
∑∞
n=0 $(Cn)z
n and we prove the formula %(z)=AX (z)=X (z) where AX (z) is the
Hilbert series of ∗(X )⊗Q. Using the Analytic Hypothesis on X we get a polyno-
mial P with all zeros of modulus !X such that we have the following approximations:
X (z) ≈ 1=P(z), AX (z) ≈ logX (z), and %(z) ≈ −P(z) log(P(z)). A computation
of the coeUcients of the Taylor series of −P(z) log(P(z)) shows that the coeUcients
$(Cn) of the series %(z) have an exponential growth. Thus (dimHn(LX ;Q))n≥1 has
an exponential growth.
Now we come to the details. In the course we will state some lemmas whose proofs
are reported at the end of the proof of Theorem 1. Let X be a coformal simply con-
nected space. There exist a minimal Sullivan model (∧Z; d) →APL(X ) with d quadratic.
A minimal Sullivan model for LX is given by the following construction due to Sul-
livan and ViguHe-Poirrier [20]. Take a graded vector space NZ such that ( NZ)n∼= Zn+1 for
n ≥ 0 and denote by s :Z → NZ this isomorphism of degree −1. There is a unique
extension of s into a derivation of algebras s : ∧ (Z ⊕ NZ) → ∧(Z ⊕ NZ) such that
s( NZ)= 0. Consider the derivation D : ∧ (Z ⊕ NZ) → ∧(Z ⊕ NZ) de-ned by D(z)=d(z)
and D(s(z))=− s(d(z)) for z ∈ Z . Then D2 = 0 and it is proved in [20] that
(∧(Z ⊕ NZ); D) → APL(LX )
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is a minimal Sullivan model of LX . Moreover, since d is quadratic we have
D(∧pZ ⊗ ∧r NZ)⊂∧p+1Z ⊗ ∧r NZ:
We consider the complexes Cn introduced by ViguHe-Poirrier in [19]:
(Cn) : 0→ NZn D→(Z ⊗ NZ)n+1 D→(∧2Z ⊗ NZ)n+2 D→· · ·
· · · D→(∧n−1Z ⊗ NZ)2n−1 D→(∧nZ ⊗ NZ)2n=0:
These complexes Cn are direct summands of the diLerential graded vector space (∧(Z⊕
NZ); D).
Consider the Euler–PoincarHe characteristics
$(Cn):=
n∑
p=0
(−1)pdim((∧pZ ⊗ NZ)n+p)
and de-ne the series
%(z):=
∞∑
n=0
$(Cn)zn:
The so-called Hurewicz series [13] is de-ned by
AX (z):=
∞∑
n=1
dim(n(X )⊗Q)zn;
and we have the following formula: (this lemma, as the other ones, will be proved
later)
Lemma 2.
%(z)=
AX (z)
X (z)
:
We will approximate the coeUcients $(Cn) of %(z) by computations on Taylor series.
Lemma 3. If condition (AH) holds for X then there exist r ¿!X ; a non-constant
polynomial P with all zeros of modulus !X ; a complex function h holomorphic and
without zero on the disk Dr = {z: |z| ≤ r}; and a complex function ) holomorphic on
Dr such that
X (z)= h(z)=P(z);
AX (z)=− log(P(z)) + )(z):
Take r; P; h; ) as in Lemma 3 and take * ∈ ]!X ; r[. Set +(z)= )(z)P(z)=h(z) to get
%(z)=
−P(z) log(P(z))
h(z)
+ +(z): (1)
Since + is holomorphic on Dr the radius of convergence of its Taylor series +(z)=∑∞
k=0 +k :z
k is greater than r. Therefore +k =O(*−k) (here we use the Landau notation:
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O(,(k)) is a function of k such that there exists a constant C¿ 0 independent of k
such that |O(,(k))| ≤ C|,(k)|).
Consider the Taylor series at the origin
g(z):=− P(z) logP(z)=h(z)=
∞∑
k=0
bk :zk :
Lemma 4. There exist A′′¿ 0; N ∈ Z; N ′′0 ≥ 1 such that for each k ≥ N ′′0 we have
max
k−N ′′0 ≤n≤k
|bn| ≥ A′′ (1=!X )
k
kN
:
Since 1=*¡ 1=!X and dimH (Cn) ≥ |$(Cn)|= |bn + +n|= |bn| + O(*−n), Lemma 4
implies that there exist A¿ 0; N ∈ Z and N0 ≥ 1 such that for k ≥ N0
max
k−N0≤n≤k
dimH (Cn) ≥ A (1=!X )
k
kN
: (2)
Since the complexes Cn are summands of (∧Z⊗∧ NZ; D), there are injections
⊕k
n=k−N0 H
(Cn)⊂
⊕2k
n=k−N0 H
k(LX ;Q); and by inequation (2) we have
max
k−N0≤n≤2k
dimHn(LX ;Q) ≥ A (1=!X )
k
kN
:
Therefore (after replacing A by another positive constant), for each k ≥ 1
max
0≤n≤k
dimHn(LX ;Q) ≥ A (
√
1=!X )k
kN+1
:
This proves the -rst part of Theorem 1.
Suppose now that cat(X )=m¡+∞.
Lemma 5. If cat(X ) ≤ m then H¿n+m(Cn)= 0.
As a consequence of Lemma 5 there is an injection
⊕k
n=k−N0 H (Cn)⊂⊕k+m
n=k−N0 H
n(LX ;Q) and by formula (2):
max
k−N0≤n≤k+m
dimHn(LX ;Q) ≥ A (1=!X )
k
kN
:
If we put n0 =N0 + m and we replace A by A:(!X )n0 then for each k ≥ 1
max
k−n0≤n≤k
dimHn(LX ;Q) ≥ A (1=!X )
k
kN+1
:
This ends the proof of Theorem 1.
It remains to prove all the lemmas. Before proving Lemma 2 we need to de-ne a
new series: the PoincarHe–Koszul series of X (see [12]) is
-X (z):=
∞∑
r=0

 r∑
p=0
(−1)p dim(∧pZ)p+r

 zr:
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The following result is classical (see [14, Appendix 2]), but we recall its proof for the
sake of completeness:
Lemma 6.
X (z)= 1=-X (z):
Proof. Recall that X (z) is the Hilbert series of the algebra ∧ NZ . Suppose -rst that Z is
one-dimensional and concentrated in degree n: (∧Z; d)= (∧(Q:vn); 0); then -X (z)= 1−
zn−1 or -X (z)= 1 − zn−1 + z2(n−1) − · · ·=(1 + zn−1)−1, depending on the parity of
n, and in both cases (-X (z))−1 is the Hilbert series of the graded algebra ∧(Q: Nvn−1),
which proves the formula when dim Z =1. The series - and  are multiplicative in
the sense that if X1 and X2 are simply connected spaces then -X1×X2 =-X1 :-X2 and
X1×X2 =X1 :X2 . Thus, by induction on dim Z , we get that if the Sullivan model of
X is of the form (∧Z; 0) with dim Z ¡∞ then X =1=-X . This formula is still true
if dim Z =∞ because Z is -nite-dimensional in each degree and the n -rst coeUcients
of the series X and -X depend only on Z≤n. To prove the formula in the general
case, remark that X and -X do not depend on the diLerential d when the Sullivan
model (∧Z; d) is minimal, and therefore we can suppose that d=0.
Proof of Lemma 2. We compute the Euler–PoincarHe characteristic of Ck :
$(Ck) =
k∑
p=0
(−1)p dim((∧pZ)⊗ NZ)k+p
=
k∑
p=0
(−1)p
(
k∑
r=0
dim(∧pZ)p+r :dim NZk−r
)
Put qr:=
∑r
p=0 (−1)p dim(∧pZ)p+r in order to get
$(Ck)=
k∑
r=0
qr:dim NZ
k−r
:
Notice that AX (z)=
∑∞
n=0 dim NZ
n
:zn because NZ
n ∼= hom(n(X );Q), and -X (z)=∑∞
r=0 qrz
r . Introducing this in the de-nition of the series %(z), we get
%(z) =
∞∑
k=0
$(Ck)zk =
∞∑
k=0
(
k∑
r=0
qr dim NZ
k−r
(zrzk−r)
)
=
( ∞∑
r=0
qr:zr
)( ∞∑
n=0
dim NZ
n
:zn
)
=-X (z)AX (z)=AX (z)=X (z):
Proof of Lemma 3. By de-nition of (AH) there exist a polynomial Q and a complex
function k holomorphic and without zero on a disk Dr′ = {|z|¡r′} for some r′¿!X ,
such that X (z)= k(z)=Q(z).
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Since !X is the radius of convergence of X , Q has no zero of modulus ¡!X . Write
Q(z)=P(z):Q2(z) where P is a polynomial with all zeros of modulus !X and Q2(z)
is a polynomial with all zeros of modulus ¿!X . Put h(z)= k(z)=Q2(z) which is holo-
morphic and without zero on some disk Dr with r ¿!X . Therefore X (z)= h(z)=P(z)
has the form stated in Lemma 3. The equality for AX (z) is proved in [11] (Corollary
2).
Before proving Lemma 4, we study the coeUcients of the Taylor series of functions
for which all singularities on the circle of convergence are poles.
Lemma 7. Let f(z)=
∑∞
k=0 a
′
k : z
k be a series of radius of convergence !¿ 0 such
that each singularity of modulus ! is a pole. Let m ≥ 1 be the highest multiplicity of
poles of modulus !. Then there exist A1; : : : ; Ap ∈ C∗ and distinct complex numbers
w1; : : : ; wp of modulus 1 such that
a′k = k
m−1!−k
(
3(k)
(m− 1)! + O(1=k)
)
;
where 3(k)=
∑p
j=1 Ajw
k
j .
Proof of Lemma 7. Since all singularities of modulus ! are poles and since there are
no singularity of modulus ¡! we can write f(z)=R(z)++(z) where R(z) is a quotient
of polynomials with all poles of modulus ! and +(z)=
∑∞
k=0 +kz
k of radius of conver-
gence r′¿!. Thus +k =O(r′′−k) for some r′′¿!. Since k → O(r′′−k)=(km−1!−k(1=k))
is a bounded function we have that +k = km−1!−kO(1=k). Therefore we can suppose,
without any loss of generality, that f(z)=R(z).
We can classify the poles of R(z) into the two following families:

1; : : : ; 
p are the poles of modulus ! and multiplicity m, and

p+1; : : : ; 
t are the poles of modulus ! and multiplicity ≤ m− 1.
Therefore R(z) admits a decomposition into simple fractions of the following form:
R(z)=
p∑
i=1
Ai(1− z=
i)−m︸ ︷︷ ︸
(I)
+
m−1∑
j=1
t∑
i=1
Aij(1− z=
i)−j + T (z)
︸ ︷︷ ︸
(II)
;
where Ai ∈ C∗, Aij ∈ C, and T is some polynomial. Put wi =!=
i which is of modulus
1. The expansion of the term (I) of R(z) in a Taylor series is
p∑
i=1
Ai(1− z=
i)−m=
∞∑
k=0
( p∑
i=1
Aiwki
)(
k + m− 1
k
)
zk
!k
:
Set 3(k):=
∑p
i=1 Aiw
k
i and observe that the binomial coeUcient satis-es(
k + m− 1
k
)
= km−1
(
1
(m− 1)! + O(1=k)
)
:
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Thus
(I)=
∞∑
k=0
km−1!−k
(
3(k)
(m− 1)! + O(1=k)
)
zk :
On the other hand, analogous computations on the reduction in simple fractions of
the other term (II) of R(z) lead to
(II)=
∞∑
k=0
km−1!−kO(1=k)zk :
Therefore
a′k = k
m−1!−k
(
3(k)
(m− 1)! + O(1=k)
)
:
We have the following minoration for the function 3(k) which appears in Lemma 7.
Lemma 8. Let A1; : : : ; Ap ∈ C∗ be non-zero complex numbers; let w1; : : : ; wp be dis-
tinct complex numbers of modulus 1; and set
3(k)=
p∑
j=1
Ajwkj :
Then there exist N0 ∈ N∗ and +¿ 0 such that for each n ≥ 1
max
n≤k≤n+N0
|3(k)| ≥ +:
Proof of Lemma 8. We have that
∞∑
k=0
3(k)zk =
p∑
j=1
Aj
1− zwj
and this Taylor series is not zero because the Aj are not zero and the wj are dis-
tinct. Therefore there exists n0 such that 3(n0) = 0. Take + ∈ ]0; |3(n0)|[ to get
|∑pj=1 Ajwn0j |¿+. By a continuity argument there exists 6¿ 0 such that
(∀j: |j − wn0j |¡6)⇒
∣∣∣∣∣∣
p∑
j=1
Ajj
∣∣∣∣∣∣¿+:
The end of the proof of Lemma 8 is then completely analogous to that of Proposition
3 of [11].
We are now ready for the:
Proof of Lemma 4. We have
g(z)=− P(z) log(P(z))(1=h(z))=
∞∑
k=0
bkzk :
Set l=1+deg(P). By an induction on the degree of the polynomial P we get that the
lth derivative dl(−P(z) log(P(z)))=dzl is a quotient of polynomials that we denote by
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R(z). Its radius of convergence is the same as that of −P(z) log(P(z)), that is !X . In
this proof we set !=!X .
The Taylor series of dl(g(z))=dzl is
dl
dzl
g(z)=
∞∑
k=0
b(l)k z
k
with
b(l)k =(k + 1) · · · (k + l)bk+l= klbk+l(1 + O(1=k)): (3)
We will prove that there exists m ≥ 1, A′′¿ 0, and N ′′0 ≥ 1 such that for k ≥ N ′′0
max
k−N ′′0 ≤n≤k
|b(l)n | ≥ A′′km−1!−k : (4)
Then, setting N = l−m+1, formulas (3) and (4) yield the inequality stated in Lemma
4.
By the Leibniz rule for the derivative of a product we have
dl(g(z))
dzl
=R(z)
(
1
h(z)
)
︸ ︷︷ ︸
(I)
+
l∑
q=1
(
l
q
)
dl−q
dzl−q
(−P(z) log(P(z))) d
q
dzq
(
1
h(z)
)
︸ ︷︷ ︸
(II)
:
We will prove that
(I)=
∞∑
k=0
km−1!−k
(
3(k)
(m− 1)! + O(1=k)
)
zk ;
(II)=
∞∑
k=0
km−1!−kO(1=
√
k)zk :
Therefore
b(l)k = k
m−1!−k
(
3(k)
(m− 1)! + O(1=
√
k)
)
and this combined with Lemma 8 implies inequation (4) and proves Lemma 4.
The form of the coeUcients of the Taylor series of (I) is a consequence of Lemma 7,
observing that R(z)(1=h(z)) has radius of convergence ! and is meromorphic on Dr
with r ¿!, since R is a quotient of polynomials of radius of convergence ! and h(z)
is holomorphic without zero on Dr . The integer m is the highest order of the poles of
modulus ! of R(z).
It remains to study the coeUcients of the Taylor series of (II). Set
R(z)=
dl
dzl
(−P(z) log(P(z)))=
∞∑
k=0
a(l)k z
k :
Then
dl−q
dzl−q
(−P(z) log(P(z)))=
l∑
k=0
a(l−q)k z
k
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with
a(l−q)k =
a(l)k−q
k(k − 1) · · · (k − q+ 1) = a
(l)
k−q
1
kq
(1 + O(1=k)):
By Lemma 7 we have
a(l)k = k
m−1!−k
(
3(k)
(m− 1)! + O(1=k)
)
therefore, for 1 ≤ q ≤ l,
a(l−q)k = (k − q)m−1!−k+q
(
3(k − q)
(m− 1)! + O(1=(k − q))
)
1
kq
(1 + O(1=k))
= km−1!−kO(1=k):
On the other hand, the series
dq
dzq
(
1
h(z)
)
=
∞∑
k=0
c(q)k z
k
has radius of convergence r, therefore c(q)k =O(*
−k) for * ∈ ]!; r[.
We have, for 1 ≤ q ≤ l,
dl−q
dzl−q
(−P(z) log(P(z))) d
q
dzq
(
1
h(z)
)
=
∞∑
k=0
(
k∑
i=0
a(l−q)i c
(q)
k−i
)
zk :
If 0 ≤ i ≤ k −√k then
|a(l−q)i :c(q)k−i|= |im−1!−iO(1=i)O(*−k+i)|
≤Ckm−1!−i*−k+i
≤Ckm−1!−k(!=*)
√
k ;
where C is a constant independent of i and k.
If k −√k ≤ i ≤ k then
|a(l−q)i :c(q)k−i| ≤ km−1!−kO(1=(k −
√
k)):
Therefore∣∣∣∣∣
k∑
i=0
a(l−q)i :c
(q)
k−i
∣∣∣∣∣≤
[k−√k]∑
i=0
|a(l−q)i :c(q)k−i|+
k∑
[k−√k]+1
|a(l−q)i :c(q)k−i|
≤C(k −
√
k)km−1!−k(!=*)
√
k + (
√
k)km−1!−kO(1=(k −
√
k)):
Since the functions
k → (k −
√
k)(!=*)
√
k
(1=
√
k)
and k → (
√
k)O(1=(k −√k))
(1=
√
k)
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are bounded we have∣∣∣∣∣
k∑
i=0
a(l−q)i :c
(q)
k−i
∣∣∣∣∣= km−1!−kO(1=√k):
This implies that (II)=
∑∞
k=0 k
m−1!−kO(1=
√
k)zk and -nishes to prove Lemma 4.
Proof of Lemma 5. Denote by (∧≤mZ; Nd) the quotient of (∧Z; d) by the diLerential
ideal ∧¿mZ , and by  the projection of ∧Z on this quotient. This morphism  admits
a KS-model [9]
(∧Z; d) ,→(∧Z ⊗ ∧Y; 6))→(∧≤mZ; Nd)
with ) ◦,=  and ) a quasi-isomorphism. By the interpretation of the LS-category in
the Sullivan model, [5], there exists a CGDA-morphism
3 : (∧Z ⊗ ∧Y; 6)→ (∧Z; d)
such that 3 ◦ , is homotopic to the identity map on ∧Z . Thus we have the following
homotopy-commutative diagram, where the diLerential ND (resp. :) is the obvious one
induced by Nd and D (resp. 6 and D):
(∧Z ⊗ NZ; D) =−→ (∧Z ⊗ NZ; D)
⊗ NZ
 ↘ ,⊗ NZ  3⊗ NZ
(∧≤mZ ⊗ NZ; ND) ←− (∧Z ⊗ ∧Y ⊗ NZ; :):
If ; ∈ Cn is a homogeneous cycle of degree |;|¿n+ m then ; ∈ ∧¿mZ ⊗ NZ and by
the diagram above we get that [;] = 0 in H (Cn).
4. Applications
Theorem 1 enables us to state a best-possible result for the growth of the Betti
numbers of the free loop space on a coformal -nite CW-complex:
Corollary 9. Let X be a simply connected 8nite CW-complex. Suppose that X is
coformal. If X is hyperbolic then the rational Betti numbers of LX have an expo-
nential growth of rate 1=!X ¿ 1; and otherwise these Betti numbers have a polynomial
growth.
Proof. We prove -rst that the (AH) condition holds for a hyperbolic coformal -nite
CW-complex X . Let (∧Z; d) be a minimal Sullivan model with quadratic diLerential
and recall the PoincarHe–Koszul series -X introduced before Lemma 6. We can de-ne
a bigraduation on ∧Z by (∧Z)p;r =(∧pZ)p+r . Then d has bidegree (1; 0) and that
bigraduation is induced on H (∧Z; d). We have
-X (z)=
∞∑
r=0
$((∧Z)∗; r)zr =
∞∑
r=0
$ (H∗; r(∧Z; d)) zr
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and the latter is a polynomial because H (∧Z; d)=H (X ;Q) is -nite-dimensional. By
Lemma 6 we have X (z)= 1=-X (z), which implies that condition (ii) of (AH) holds,
and condition (i) holds because X is hyperbolic [7]:
Since cat X ¡∞, by Theorem 1 we have an exponential growth of rate 1=!X of
(dimHn(LX ;Q))n≥1.
On the other hand if X is elliptic the Betti numbers of X have a polynomial
growth, and the same is true for the Betti numbers of LX by a Serre spectral sequence
argument on the -bration X →LX → X (see [19]).
Notice that many examples of coformal hyperbolic closed manifolds can be con-
structed by the following procedure. Let A and L be two connected graded Lie algebras
whose cohomology with coeUcients in Q satisfy PoincarHe duality; suppose moreover
that A or L is in-nite-dimensional. Take any extension of graded Lie algebras 0 →
A → E → L → 0. Then H∗(E;Q) satis-es also PoincarHe duality and dim E=∞.
There exists a coformal space X such that ∗(X ) ⊗ Q ∼= E. Thus X is a PoincarHe
duality complex, and in many cases (if dim X = 0mod 4 or if the intersection form
H 2q(X ;Q) ⊗ H 2q(X ;Q) → Q admits a reduction over the integers (see [17])) X has
the rational homotopy type of some closed manifold.
Even if the space is not coformal, we have a spectral sequence which can give some
information on the Betti numbers of its free loop space:
Proposition 10. Let X be a simply connected space. There exist a 8rst-quadrant
spectral sequence (Ep;qr )r≥0 which converges to H∗(LX ;Q).
(a) If cat(X ) ≤ m then this spectral sequence collapses at level Em+1. If X is coformal;
it collapses at level E2.
(b) If X is hyperbolic then the E1-term has an exponential growth; that is: there
exist A¿ 0; ¿ 1 such that maxp+q≤k dim E
p;q
1 ≥ A:k :
(c) If the (AH) condition holds for X then the E2-term also has an exponential
growth.
Proof. Let (∧Z; d) be a minimal Sullivan model of X , and (∧Z ⊗ ∧ NZ; D) be the
associated model of its free loop space LX . De-ne an increasing -ltration on the
latter model by
Fp(∧Z ⊗ ∧ NZ)= ∧≤p Z ⊗ ∧ NZ:
The spectral sequence associated to this -ltration satis-es Ep;q0 = (∧pZ ⊗ ∧ NZ)p+q: Be-
cause the model is minimal we get that E1 =E0. The diLerential at level E1 is the
quadratic part D1 of the diLerential D. Thus it is clear that E2 =E∞ if X is cofor-
mal. On the other hand, if cat X ≤ m then E∞=Em+1 by the same argument as in
Lemma 5.
If X is hyperbolic then E1 has an exponential growth by the dichotomy theorem [5].
If X satis-es (AH), then the same is true for the coformal space X˜ associated to
X (i.e. the space X˜ whose Sullivan model is (∧Z; d1)) because X =X˜ . Moreover
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H∗(LX˜ ;Q)=H (∧Z ⊗ ∧ NZ; D1)=E2. Thus, by Theorem 1, E2 has an exponential
growth.
We come now to the application to Hochschild homology of enveloping algebra of
graded Lie algebras.
Theorem 11. Let k be a 8eld of characteristic 0. Let L be a connected graded Lie
algebra over k such that dimH∗(L; k)¡∞; and denote by UL its enveloping algebra.
Then
(i) either dim L¡∞ and (dimHHn(UL))n≥1 has a polynomial growth;
(ii) or dim L=∞ and (dimHHn(UL))n≥1 has an exponential growth.
Proof. Denote the bar construction by (cf. [18] for a de-nition)
B : augmented diLerential graded algebras
→ coaugmented diLerential graded coalgebras:
If V is a graded vector space we denote by V #:=homk(V; k) its dual, and simi-
larly for the dual of a chain complex. It is classical ([18, Chapter 1]) that there is
a quasi-isomorphism
(B(UL; 0))# →(∧Z; d1)
with d1 a quadratic diLerential, Z ∼= sL, and moreover H (∧Z; d1) ∼= H (L; k) which is
-nite-dimensional.
The Hochschild homology of the diLerential graded algebra (∧Z; d1) is given by
HH (∧Z; d1) ∼= H (∧Z⊗∧ NZ; D) where (∧Z⊗∧ NZ; D) is the Sullivan–ViguHe construction
recalled in the proof of Theorem 1. And by this theorem, HH (∧Z; d1) has a polynomial
or an exponential growth, depending on the -niteness of the vector space Z ∼= sL. By
Theorem II of [10] we have that HH ((BUL)#) ∼= (HH (UL))# and this -nishes to prove
the theorem.
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